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Abstract. Hausdorff operators on the real line and multidimensional Eu-
clidean spaces originated from some classical summation methods. Now it is
an active research area. Hausdorff operators on general groups were defined
and studied by the author since 2019. The purpose of this paper is to define
and study Hausdorff operators on Lebesgue and real Hardy spaces over ho-
mogeneous spaces of locally compact groups. We introduce in particular an
atomic Hardy space over homogeneous spaces of locally compact groups and
obtain conditions for boundedness of Hausdorff operators on such spaces.
Several corollaries are considered and unsolved problems are formulated.
Key wards. Hausdorff operator, locally compact group, homogeneous
space, atomic Hardy space, Lebesgue space, bounded operator.
1 Introduction and preliminaries
Hausdorff operators were introduced by Hardy [1, Chapter XI] on the seg-
ment, and by by C. Georgakis [2] and independently by E. Liflyand and
F. Moricz [3] on the whole real line. Their multidimensional generalizations
were considered later by G. Brown and F. Mo´ricz [4], and Liflyand and
Lerner [5]. Now it is an active research area. It is enough to note that the
Google search by request ”Hausdorff operator” gives more then 1 200 000
results. See also survey articles [6], [7] for historical remarks and the state of
the art up to 2014.
Hausdorff operators on general groups were defined and studied by the
author in [8] and [9]. The purpose of this paper is to define and study
Hausdorff operators on Lebesgue and real Hardy spaces over homogeneous
spaces of locally compact groups.
In what follows G stands for a locally compact group with left Haar
measure ν. We denote by Aut(G) the space of all topological automorphisms
of G endowed with its natural topology (see, e.g. [10]), L(Y ) denotes the
space of linear bounded operators on a normed space Y .
In [8] the next definition was proposed.
Definition [8]. Let (T,m) be a measure space, G a topological group,
A : X → Aut(G) a measurable map, and Ψ a locally integrable function on
1
Ω. We define the Hausdorff operator with the kernel Ψ over the group G by
the formula
Hf(x) =
∫
T
Ψ(t)f(A(t)(x))dm(t).
By [8, Lemma 1] this operator is bounded in Lp(G) (1 ≤ p ≤ ∞) provided
Ψ(t)(modA(t))−1/p ∈ L1(T,m) and
‖H‖L(Lp(G)) ≤
∫
T
|Ψ(t)|(modA(t))−1/pdm(t).
Moreover, in [8], [9] conditions for boundedness of Hausdorff operators on
the real Hardy space H1(G) over metrizable locally compact group G with
doubling condition were obtained.
The aim of this work is to define Hausdorff operators on homogeneous
spaces of locally compact groups and to prove analogs of aforementioned
results for this situation.
Let K be a compact subgroup of G with normalized Haar measure β.
Consider the quotient space G/K of left cosets x˙ := xK = piK(x) (x ∈ G)
where piK : H → K stands for a natural projection. We shall assume that
the measure ν is normalized in such a way that (generalized) Weil’s formula
∫
G
g(x)dx =
∫
G/K
(∫
K
g(xk)dk
)
dλ(x˙) (1)
holds for all g ∈ L1(G), where λ denotes some left-G invariant measure on
G/K (see, e. g., [11, Chapter VII, §2, No. 5, Theorem 2 ] and especially
remark c) after this theorem). 1 Here and below we write dx instead of
dν(x) and dk instead of dβ(k). We shall write also dx˙ instead of dλ(x˙).
The function g : G → C is called right-K-invariant if g(xk) = g(x) for
all x ∈ G, k ∈ K. For such a function we put g˙(x˙) := g(x). This definition
is correct and for g ∈ L1(G) formula (1) implies that
∫
G
g(x)dx =
∫
G/K
g˙(x˙)dx˙ (2)
(recall that
∫
K
dk = 1).
The map g 7→ g˙ is a bijection between the set of all right-K-invariant
functions on G (all right-K-invariant functions from L1(G)) and the set of
all functions on G/K (respectively functions from L1(G/K, λ)).
1G-left invariance of λ means that λ(xE) = λ(E) for every Borel subset E of G/K and
for every x ∈ G. This measure is unique up to constant multiplier.
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Let an automorphism A ∈ Aut(G) maps K onto itself. Since
A(x˙) := A(xK) = {A(x)A(k) : k ∈ K} = A(x)K = piK(A(x))
we get a homeomorphism A˙ : G/K → G/K, A˙(x˙) := piK(A(x)). Then for
every right-K-invariant function g on G we have g˙(A˙(x˙)) = g(A(x)).
From now on we put
AutK(G) := {A˙ : A ∈ Aut(G), A(K) = K}.
Definition 1. Let (Ω, µ) be a measure space, (A˙(u))u∈Ω ⊂ AutK(G) a
family of homeomorphisms of G/K, and Φ ∈ L1loc(Ω, µ). For a function f on
G/K we define a Hausdorff operator on G/K as follows
(HΦ,A˙f)(x˙) :=
∫
Ω
Φ(u)f(A˙(u)(x˙))dµ(u).
As was mentioned by Hardy in the case Ω = [0, 1] [1, Theorem 217] his
Hausdorff operator possesses some regularity property. A Hausdorff operator
in the sense of Definition 1 also enjoys this property as the next proposition
shows.
Proposition 1. Suppose that the conditions of Definition 1 are fulfilled
and the group G is σ-compact. In order that the transformation HΦ,A˙ should
be regular, i.e. that f ∈ C(G/K), f(x˙) → l when x˙ → ∞ should imply
HΦ,A˙f(x˙)→ l, it is necessary and sufficient that
∫
Ω
Φ(u)dµ(u) = 1.
Proof. If f(x) = 1 then HΦ,A˙f(x˙) =
∫
Ω
Φ(u)dµ(u). Thus,
∫
Ω
Φ(u)dµ(u) =
1 is a necessary condition.
To prove the sufficiency, first note that since A˙(u) has continuous inverse,
f(x˙)→ l when x˙→∞ implies f(A˙(u)x˙)→ l when x˙→∞. Indeed, f(x˙)→ l
when x˙ → ∞ means that for every ε > 0 there is such compact Cε ⊂ G/K
that |f(x˙) − l| < ε for x ∈ G \ Cε. Now if x˙ ∈ (G/K) \ A˙(u)
−1(Cε) we get
A˙(u)x˙ ∈ (G/K) \ Cε and therefore |f(A˙(u)x˙)− l| < ε.
But if, in addition, f ∈ C(G/K) the function f is bounded on G/K
and therefore HΦ,A˙f(x˙) → l by the Lebesgue Theorem (one can apply the
Lebesgue Theorem, since G/K is σ-compact).
Thus, Proposition 1 shows that Hausdorff operators in a sense of Defini-
tion 1 gives us a family (for various Φ, A(u), and Ω) of generalized limits at
infinity for functions on G/K.
2 Hausdorff operators on Lp(G/K)
In the following we put Lp(G/K) := Lp(G/K, λ) (p ∈ [1,∞]). Formula (2)
implies that ‖g‖Lp(G) = ‖g˙‖Lp(G/K). For every right-K-invariant function
g ∈ Lp(G).
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In this section we give conditions of boundedness of Hausdorff operators
on Lp(G/K).
Let (Ω, µ) and (A˙(u))u∈Ω be as in Definition 1. For a function Φ on Ω let
‖Φ‖p,A :=
∫
Ω
|Φ(u)|(modA(u))−1/pdµ(u).
Theorem 1. Suppose that the conditions of Definition 1 are fulfilled,
p ∈ [1,∞], and ‖Φ‖p,A <∞. Then HΦ,A˙ is bounded in L
p(G/K) and
‖HΦ,A˙‖L(Lp(G/K)) ≤ ‖Φ‖p,A.
Proof. Let 1 < p < ∞. Every function f ∈ Lp(G/K) has the form
f = g˙ for a unique right K-invariant function g ∈ Lp(G). Using Minkowski’s
integral inequality we have that
‖HΦ,A˙f‖Lp(G/K) =
(∫
G/K
∣∣∣∣
∫
Ω
Φ(u)f(A˙(u)(x˙))dµ(u)
∣∣∣∣
p
dx˙
)1/p
≤
∫
Ω
|Φ(u)|
(∫
G/K
|f(A˙(u)(x˙))|pdx˙
)1/p
dµ(u).
Since the function x 7→ g(A(u)(x)) is right K-invariant, as well, formula (2)
yields ∫
G/K
|f(A˙(u)(x˙))|pdx˙ =
∫
G
|g(A(u)(x))|pdx.
On the other hand, by [11, VII.1.4, formula (31)] we have
∫
G
|g(A(u)(x))|pdx = (modA(u))−1
∫
G
|g(x)|pdx.
Thus,
‖HΦ,A˙f‖Lp(G/K) ≤
∫
Ω
|Φ(u)|(modA(u))−1/pdµ(u)
(∫
G
|g(x)|pdx
)1/p
= ‖Φ‖p,A
(∫
G/K
|f(x˙)|pdx˙
)1/p
= ‖Φ‖p,A‖f‖Lp(G/K).
For p = 1 the statement of theorem 1 follows from Fubini theorem and for
p =∞ it is obvious.
The following simple example is intended to illustrate preceding construc-
tions.
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Example 1. Let G be the multiplicative group C× of the complex field
C and K := {z ∈ C× : |z| = 1} the circle group. Then G/K can be
identified with (0,∞) via the map zK = z˙ 7→ r where r = |z|. In other
words, we use (0,∞) as a model of G/K, the positive number r representing
the circle of radius r. Automorphisms of G have the form A(reiα) = rueiα
or A(reiα) = rue−iα (u ∈ R). Thus Aut(G)/K = Aut(G). It follows that
A˙(z˙) = ru (u ∈ R). So the general form of a Hausdorff operator on (0,∞)
looks as follows (f : (0,∞)→ C, r > 0)
HΦ,A˙f(r) =
∫
R
Φ(u)f(ru)dµ(u)
(we take Ω = R, and µ any positive measure on R). Since G is commutative,
modA = 1 for all A ∈ Aut(G). So Theorem 1 implies that HΦ,A˙ is bounded
on Lp(0,∞) if Φ ∈ L1(µ) and in this case ‖HΦ,A˙‖L(Lp) ≤ ‖Φ‖L1(µ).
If we take in Theorem 1 the space Z+ (endowed with counting measure)
as Ω, we arrive at the following
Corollary 1. Let Φj be a sequence of complex numbers. Consider a
discrete Hausdorff operator over G/K 2
HΦ,A˙f(x) :=
∞∑
j=0
Φ(j)f(A˙(j)(x)).
Then
‖Hφ,A˙‖L(Lp(G/K)) ≤
∞∑
j=0
|Φ(j)|(modA(j))−1/p.
Putting
Φ =
χ{modA(u)≥1}
modA
in Definition 1 (χE denotes the indicator function of the set E) we get a
C´esaro operator over G/K (cf. [8])
CA,µf(x) :=
∫
{modA(u)≥1}
f(A˙(u)(x))
modA(u)
dµ(u).
Corollary 2. For a C´esaro operator over G/K the following estimate
holds
‖CA,µ‖L(Lp(G/K)) ≤
∫
{modA(u)≥1}
dµ(u)
(modA(u))1+1/p
.
2 Discrete Hausdorff operators were introduced in [12], [13].
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3 Hausdorff operators on Hardy space H1(G/K)
The goal of this section is to introduce the atomic Hardy space H1(G/K) and
to obtain conditions for boundedness of Hausdorff operators on this space.
In the rest of the paper as in [9] we assume in addition thatG is metrizable
via a left invariant metric ρ and the following doubling condition in a sense
of [14] holds:
there exists a constant C such that
ν(B(x, 2r)) ≤ Cν(B(x, r))
for each x ∈ G and r > 0.
Here B(x, r) denotes the ball of radius r around x. The doubling constant
is the smallest constant C ≥ 1 for which the last inequality holds. We denote
this constant by Cν . Then for each x ∈ G, k ≥ 1 and r > 0
ν(B(x, kr)) ≤ Cνk
sν(B(x, r)), (3)
where s = log2Cν (see, e.g., [15, p. 76]). The number s takes the role of a
”dimension” for a doubling metric measure space G.
To introduce the space H1(G/K) first recall that a function a on G is an
((1,∞)-)atom if
(i) the support of a is contained in a ball B(x, r);
(ii) ‖a‖∞ ≤
1
ν(B(x,r))
;
(iii)
∫
G
a(x)dx = 0.
In case ν(G) <∞ we shall assume ν(G) = 1. Then the constant function
having value 1 is also considered to be an atom.
Definition 2. We define the Hardy space H1(G/K) as a space of such
functions f = g˙ on G/K that g admits an atomic decomposition of the form
g =
∞∑
j=1
αjaj , (4)
where aj are right-K-invariant atoms and
∑∞
j=1 |αj | <∞. In this case,
‖f‖H1(G/K) := inf
∞∑
j=1
|αj |,
and infimum is taken over all decompositions above of g.
Thus a function f = g˙ from H1(G/K) admits an atomic decomposition
f =
∑∞
j=1 αja˙j such that
∑∞
j=1 |αj | <∞, and ‖f‖H1(G/K) = ‖g‖H1(G).
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Remark 1. Real Hardy spaces over compact connected (not necessary
quasi-metric) Abelian groups were defined in [16].
Proposition 2. Let G 6= K. Then the space H1(G/K) is nontrivial and
Banach.
Proof. Evidently, the space H1(G) is nontrivial. We prove that right-
K-invariant atoms exist. To this end for an atom a on G let’s consider the
function
a′(x) := c
∫
K
a(xk)dk.
Then a′ is right-K-invariant and satisfies (i) for every constant c > 0. Indeed,
if a is supported in a ball B = B(e, rB), then a
′(x) = 0 for x /∈ BK. Since
ρ(e, xk) ≤ ρ(e, x) + ρ(x, xk) = ρ(e, x) + ρ(e, k) < rB + dist(e,K) =: r
′
B
for x ∈ B, the set BK is contained in a ball B′ = B(e, r′B). Thus, a
′ is
supported in B′. From now on we assume that c = ν(B)/ν(B′). Then (ii)
holds for a′ because ‖a′‖∞ ≤ c‖a‖∞ ≤ c/ν(B) = 1/ν(B
′) for such c. The
property (iii) for a′ follows from∫
G
a′(x)dx = c
∫
G
∫
K
a(xk)dkdx = c
∫
K
∆G(k)
∫
G
a(x)dxdk = 0.
Finally, we shall show that H1(G/K) is complete. First note that since
‖a‖L1(G) ≤ 1 for each atom a, we have ‖g‖L1(G) ≤ ‖g˙‖H1(G/K) for each
right-K-invariant function g ∈ H1(G). Then for a function f = g˙ we have
‖f‖L1(G/K) ≤ ‖f‖H1(G/K).
Let a sequence fj ∈ H
1(G/K) be such that
∑
j ‖fj‖H1(G/K) < ∞. It is
enough to prove that the series
∑
j fj converges in H
1(G/K). The sequence
Sn of partial sums of this series is a Cauchy sequence in L
l(G/K) because
for m < n
‖Sn − Sm‖Ll(G/K) ≤
n∑
j=m+1
‖fj‖L1(G/K) ≤
n∑
j=m+1
‖fj‖H1(G/K).
So the series
∑
j fj converges in L
1(G/K) to some function f . On the
other hand, each fj has an atomic decomposition fj =
∑
i αij a˙ji such that∑
i |αij | < 2‖fj‖H1(G/K). Then f has an atomic decomposition
f =
∑
j
∑
i
αij a˙ji,
and
‖f‖H1(G/K) ≤
∑
j
∑
i
|αij| < 2
∑
j
‖fj‖H1(G/K) <∞.
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Thus f ∈ H1(G/K). Moreover,
∥∥∥∥∥f −
n∑
j=1
fj
∥∥∥∥∥
H1(G/K)
≤
∞∑
j=n+1
‖fj‖H1(G/K) → as n→∞.
This completes the proof.
In the proof of Theorem 2 the next lemmas play an important role.
Lemma 1. [8] Let (Ω, q, µ) be σ-compact quasi-metric space with quasi-
metric q and positive Radon measure µ, (X,m) be a measure space and F(X)
be some Banach space of m-measurable functions on X. Assume that the
convergence of a sequence strongly in F(X) yields the convergence of some
subsequence to the same function for m-almost all x ∈ X. Let F (u, x) be
a function such that F (u, ·) ∈ F(X) for µ-almost all u ∈ Ω and the map
u 7→ F (u, ·) : Ω → F(X) is Bochner integrable with respect to µ. Then for
m-almost all x ∈ X(
(B)
∫
Ω
F (u, ·)dµ(u)
)
(x) =
∫
Ω
F (u, x)dµ(u).
Lemma 2. [9] Every automorphism A ∈ Aut(G) is Lipschitz. Moreover,
one can choose the Lipschitz constant to be
LA = κρmodA,
where the constant κρ depends on the metric ρ only.
Now we are in position to prove the following
Theorem 2. Under assumptions of Definition 1 let (Ω, q, µ) be σ-compact
quasi-metric space with quasi-metric q and positive Radon measure µ and Φ ∈
L1(ksµ) where k(u) := κρ/mod(A(u)). Then the operator HΦ,A˙ is bounded
on the space H1(G/K) and
‖HΦ,A˙‖L(H1(G/K)) ≤ Cν‖Φ‖L1(ksµ).
Proof. If we set X = G/K and m = λ the pair (X,m) satisfies the
conditions of Lemma 1 with H1(G/K) in place of F(X). Indeed, let fn =
g˙n ∈ H
1(G/K), f = g˙ ∈ H1(G/K), and ‖fn − f‖H1(G/K) → 0 (n → ∞).
Since
‖fn − f‖L1(G/K) =
∫
G/K
|piK(gn − g)|dλ
=
∫
G
|gn(x)− g(x)|dx ≤ ‖gn − g‖H1(G) = ‖fn − f‖H1(G/K) → 0,
there is a subsequence of fn that converges to f λ-a.e.
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Then Definition 2 and lemma 1 imply for f ∈ H1(G/K) that
HΦ,A˙f =
∫
Ω
Φ(u)f ◦ A˙(u)dµ(u)
(the Bochner integral).
Therefore (below f = g˙)
‖HΦ,A˙f‖H1(G/K) ≤
∫
Ω
|Φ(u)|‖f ◦ A˙(u)‖H1(G/K)dµ(u)
=
∫
Ω
|Φ(u)|‖g ◦ A(u)‖H1(G)dµ(u). (5)
If g has representation (4) then
g ◦ A(u) =
∞∑
j=1
αjaj ◦ A(u). (6)
We claim that bj,u := C
−1
ν k(u)
−saj ◦A(u) is an atom, too. Indeed, Lemma 2
implies that
A(u)−1B(x, r)) ⊆ B(x′, k(u)r),
where x′ = A(u)−1(x). If aj is supported in B(xj , rj) then bj,u is supported
in B(x′j , k(u)rj). So the condition (i) holds for bj,u.
Next, by (3) we have
ν(B(x′j , k(u)rj)) ≤ Cνk(u)
sν(B(xj , rj)).
This implies that
‖aj ◦ A(u)‖∞ = ‖aj‖∞ ≤
1
ν(B(xj , rj))
≤ Cνk(u)
s 1
ν(B(x′j , k(u)rj))
.
So, the condition (ii) is also fulfilled for bj,u.
The validity of (iii) follows from [11, VII.1.4, formula (31)].
Finally, since formula (6) can be rewritten as
g ◦ A(u) =
∞∑
j=1
(Cνk(u)
sαj)bju,
we get
‖g ◦ A(u)‖H1(G) ≤ Cνk(u)
s
∞∑
j=1
|αj |,
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which in turn implies that
‖g ◦ A(u)‖H1(G) ≤ Cνk(u)
s‖g‖H1(G) = Cνk(u)
s‖f‖H1(G/K).
Thus, the statement of the theorem follows from formula (5).
Corollary 3. Let the assumptions of Theorem 2 holds. Then we have
for a discrete Hausdorff operator over G/K (see Corollary 1)
‖HΦ,A˙‖L(H1(G/K)) ≤ Cνκ
s
ρ
∞∑
j=0
|Φ(j)|
(modA(j))s
.
Corollary 4. Let the assumptions of Theorem 2 holds. Then we have
for a C´esaro operator over G/K (see Corollary 2)
‖CA,µ‖L(H1(G/K)) ≤ Cνκ
s
ρ
∫
{modA(u)≥1}
dµ(u)
(modA(u))1+s
.
(Recall, that for this operator
Φ =
χ{modA(u)≥1}
modA
.)
Concluding remarks
It would be of interest to apply Theorems 1 and 2 to classical homogeneous
spaces such as Euclidean plane R2 = M(2)/O(2), sphere S2 = O(3)/O(2),
non-Euclidean plane H = SU(1, 1)/SO(2) [17, §4], to other Riemannian
symmetric spaces etc. Would also be of interest to generalize Theorems 1
and 2 to the case when the group K is noncompact.
References
[1] Hardy GH. Divergent Series. Oxford : Clarendon Press; 1949. 396 p.
[2] Georgakis C. The Hausdorff mean of a Fourier–Stieltjes trans-
form. Proc. Amer. Math. Soc. 1992; 116: 465–471. DOI:
https://doi.org/10.1090/S0002-9939-1992-1096210-9.
[3] Liflyand E., Mo´ricz F. The Hausdorff operator is bounded on the real
Hardy spaceH1(R). Proc. Amer. Math. Soc. 2000; 128: 1391–1396. DOI:
https://doi.org/10.1090/S0002-9939-99-05159-X.
10
[4] Brown G., Mo´ricz F. Multivariate Hausdorff operators on the
spaces Lp(Rn). J. Math. Anal. Appl. 2002; 271: 443–454.
DOI:https://doi.org/10.1016/S0022-247X(02)00128-2.
[5] Lerner A., Liflyand E. Multidimensional Hausdorff operators on
the real Hardy space. J. Austr. Math. Soc.. 2007; 83: 79–86.
doi:10.1017/S1446788700036399.
[6] Liflyand E. Hausdorff operators on Hardy spaces. Eurasian Math. J.
2013; 4(4): 101 – 141.
[7] Chen J., Fan D., Wang S. Hausdorff operators on Euclidean space (a
survey article). Appl. Math. J. Chinese Univ. Ser. B. 2013; 28(4): 548–
564. DOI:https://doi.org/10.1007/s11766-013-3228-1.
[8] Mirotin AR. Boundedness of Hausdorff operators on Hardy spaces H1
over locally compact groups. J. Math. Anal. Appl. 2019; 473: 519 – 533.
DOI: 10.1016/j.jmaa.2018.12.065.
[9] Mirotin AR. Addendum to ”Boundedness of Hausdorff
operators on Hardy spaces H1 over locally compact
groups”. J. Math. Anal. Appl. 2019; 479(1): 872 – 874.
DOI:https://doi.org/10.1016/j.jmaa.2018.12.065.
[10] Hewitt E. , Ross K. Abstract Harminic Analysis. Vol. 1. Berlin-
Gettingen-Heidelberg: Springer-Verlag; 1963. 519 p.
[11] Bourbaki N. Elements de mathematique. 2nd edn. Integration, Chaps.
I-IV. Paris: Hermann; 1965.
[12] Mirotin AR. The structure of normal Hausdorff operators
on Lebesgue spaces. Forum Math. 2020; 32: 111–119. DOI:
https://doi.org/10.1515/forum-2019-0097.
[13] Mirotin AR. On the Structure of Normal Hausdorff Operators on
Lebesgue Spaces. Functional Analysis and Its Applications. 2019; 53:
261–269. DOI: https://doi.org/10.4213/faa3645
[14] Coifman RR, Weiss G. Extensions of Hardy spaces and their use
in analysis, Bull. Amer. Math. Soc. 1977; 83(4): 569 – 645. DOI:
https://doi.org/10.1090/S0002-9904-1977-14325-5.
[15] Heinonen J. , Koskela P. , Shanmugalingam N. , Tyson JT. Sobolev
Spaces on Metric Measure Spaces. An Approach Based on Upper
11
Gradients. Cambridge: Cambridge University Press; 2015. 434 p.
DOI:https://doi.org/10.1017/CBO9781316135914.
[16] Mirotin AR. On the general form of linear functionals on
the Hardy spaces H1 over compact Abelian groups and
some of its applications. Indag. Math. 2017; 28: 451 – 462.
DOI:https://doi.org/10.1016/j.indag.2016.11.023.
[17] Helgason S. Topics in harmonic analysis on homogeneous spaces.
Boston - Basel - Stuttgart: Birkhauser; 1981. 142 p. DOI:
https://doi.org/10.1002/zamm.19820620921.
12
